This paper reports some preliminary progress in developing a gaskinetic Computational Fluid Dynamic scheme, based on the Bhatnagar-Gross-Krook(BGK) model, to simulate a planar nitrogen shock wave with thermochemical nonequilibrium effects. The scheme is applicable for gas flows with thermal nonequilibrium effects, i.e., translational, rotational and vibrational energy relaxations, and with dissociation and recombination chemical reactions. We determine the post-shock boundary conditions with a consideration of detailed equilibrium satisfying general Rankine-Hugoniot relations. Different from those past studies which are based on the Boltzmann-like equation and split the collision term into elastic and chemical collision terms, here we consider the chemical reactions by treating them as source terms. This treatment renders us a much simpler scheme than gaskinetic schemes relying on detailed collisions. The merits of this scheme include a relatively faster computation speed than particle simulation methods and gaskinetic schemes based on the full Boltzmann equation. The gaskinetic BGK simulation results are validated with those obtained with the direct simulation Monte Carlo (DSMC) method.
I. Introduction
Hypersonic flows are characterized by shock waves with several kinds of nonequilibrium effects, such as thermal nonequilibrium, chemical nonequilibrium, and ionization/MagnatoHydroDynamics (MHD) effects. As such, to accurately capture the inner structure of shock waves with real gas effects, has been an important research topic for decades. In the past years, much effort on experiments, numerical simulations and modeling has been reported. For example, the book by Zel'dovich 1 discussed inner structure of shock waves with details. Groppi et al [2] [3] [4] and Rossino et al 5 reported several studies of shock structures with four species, by neglecting all internal degree of freedom, but with careful microscopic modeling. In these papers, the collision terms for the Boltzmann-like equations are split into two parts, one for elastic collisions, and the other for chemical collisions. They also provide a detailed review of gaskinetic modeling work as well.
This paper aims to report our recent preliminary progress in developing a gaskinetic scheme 6 to simulate chemically reacting gas flows. This scheme is based on the Bhatnagar-Gross-Krook (BGK) model of the Boltzmann equation, and it is applied to simulate a planar nitrogen shock wave with thermal and chemical nonequilibrium effects. This scheme has many merits, for example, the flux computation is simple, unlike the classical Computational Fluid Dynamics (CFD) schemes which evaluate the inviscid/viscous, and equilibrium/nonequilibrium fluxes with several steps, this gaskinetic BGK scheme evaluates all fluxes with one step, hence it is much simpler with less numerical dissipation. [6] [7] [8] This gaskinetic scheme is also more suitable to simulate a wider range of rarefied gas flows with a pressure range from a few hundred of atmospheres to very low pressure, 9 because of its closer link to the kinetic Boltzmann equation. 10 As such, once properly developed for chemically reacting flows, this scheme is applicable used to simulate hypersonic flows around a reentry vehicle or a ballute, applicable to a much higher altitude. This merit may relieve the direct simulation Monte Carlo(DSMC)
11 method from the expensive computation burden at a low altitude. This special gaskinetic BGK scheme is promising for hypersonic flow computations, and the work described in this paper is a natural extension of our past work.
12 Previously, we have successfully developed a gaskinetic CFD scheme for planar nitrogen shock wave computation with thermal nonequilibrium effects, and it successfully captures the thermal nonequilibrium effects across a planar shock wave. This paper aims to develop a new gaskinetic CFD scheme to simulate the inner structure of thermal-chemically nonequilibrium planar shock waves with two species. More specifically we are interested to observe whether this new scheme can capture different kinds of relaxation processes. This paper is organized as follows: Section II explains the detailed procedure to determine the downstream boundary conditions, which are critical for the shock wave simulations; Section III presents the key steps in the newly designed and implemented gaskinetic CFD scheme based on the BGK model, and treatment of chemical reactions; Section IV provides some validation results, computed with the newly developed gaskinetic scheme, and compared with the past result in the literature; Section V wraps up this paper with several conclusions.
II. Downstream Boundary Conditions
To accurately perform a shock wave simulation with the DSMC and gaskinetic BGK methods, one key condition is to proper determine the post-shock equilibrium state as fixed boundary conditions. That is because the post-shock downstream shall utilize Dirichlet type rather than Neumann boundary conditions. However, traditional Rankine-Hugoniot relations are not applicable here because we consider inner degree of freedom and dissociation-recombination effects with non-constant specific heat ratio across the shock wave. Previously, we used a set of generalized Rankine-Hugoniot relations across a planar shock wave with a consideration of inner rotational and vibrational energies. 12 To determine the downstream equilibrium boundary conditions, there are several treatments 13, 14 in the literature, here we develop one based on some relations in the book by Vincenti and Kruger.
14 Take a long control volume, with one end at the pre-shock equilibrium state with pressure p 1 , temperature T 1 , number density n 1 , density ρ 1 ; the other end at the post shock equilibrium state as well, where all thermal and chemical relaxation processes have completed, and the degree of dissociation is denoted as α, 14 the pressure, density and temperature are denoted as p 2 , ρ 2 , and T 2 . Then, the mass, momentum, energy, equilibrium state dissociation equations, and equation of state are:
(1)
where ρ d is the characteristic density for dissociation,
14 When α = 0 and the vibrational energy energy is freezed then the above equations compatibly revert to relations leading to the classical Rankine-Hugoniot relations. It should be pointed out that the above relations are only approximate, for example, electron energy is neglected in Eqn. (3) .
A special iteration process is adopted to solve the above five equations. The free stream conditions are, nitrogen gas, ρ ∞ = 1.741315 × 10 −3 kg/m 3 , T ∞ = 226.649 K, and a properly given Mach number. Figure 1 shows the post-shock equilibrium state density and pressure profiles with and without considerations of dissociation effects. The pressure profiles do not have much difference, no matter the dissociation effects are considered or not. This trend is consistent with the assumption used by Zel'dovich 1 to estimate the dissociation distance. One density profile is the result by considering vibrational energy effect but without dissociation effect, and it shows a relatively flat hypersonic asymptote value, but the value is (γ 2 + 1)/(γ 2 − 1) < 6. This is because γ 2 is different from 1.4 with a consideration of variable and vibrational energy and chemical reactions. Another density profile has increasing density values as the upstream Mach number increases, with stronger dissociations. Figure 2 shows the dissociation rate and post shock temperature profiles vs. the free stream Mach number. With stronger free stream Mach number, the degree of dissociation continues to increase because of the higher post-shock temperature. The post-shock temperature without dissociation-recombination effects actually increase fairly fast; while the other with a consideration of dissociations changes very slowly. Physically this is correct, with stronger shock wave, the post-shock wave region has higher temperature, which favors more chemical dissociations. Most of the energy is spent on breaking the bonds between atoms, instead of increasing the thermal temperature.
III. A Gaskinetic CFD Scheme for Hypersonic Gas Flow Computations

A. Descriptions for the Gaskinetic CFD Scheme
We developed one gaskinetic CFD scheme to simulate gas flows dissociation-recombination reactions, and this section briefly presents the key steps for this scheme.
The Boltzmann equation expresses the behavior of a many particle kinetic system in terms of the evolution equation for a single particle gas distribution function. The right-hand side of the Boltzmann equation is mainly two body collisions that are valid for a large range of pressure, from several hundreds of atmospheres to free-molecular flow. 9 To simplify the Boltzmann equation, the one-dimensional BGK models for N 2 and N are used here:
where subscripts s = 1, 2 represent species for N 2 and N , f s is the normalized number density distribution of molecules at position x with a particle velocity u at time t, τ s = µ s /p s is the characteristic relaxation time, µ s is viscosity computable by Sutherlands law or by a power law, and g s are the equilibrium states with the following specific Maxwellian expressions:
where ρ is the density, U the macroscopic fluid velocity along the flow direction, λ = m/(2kT ), m the molecular mass, k the Boltzmann constant, and T a specific temperature. For an equilibrium flow, an internal variable ξ accounts for the translational, rotational and vibrational modes for nitrogen gas and has an expression of
v in which ξ t , ξ r , ξ v are translational, rotational, vibrational phase velocities respectively, and K r , K v are the degrees of freedom for rotational and vibrational energy respectively. For nitrogen atoms, there is no rotational and vibrational energy, and the degree of freedom for inner translational energy is 2. Here we assume three different temperatures, translational, rotational and vibrational temperature for nitrogen gas; while for nitrogen gas, the equilibrium state is only characterized by one translational temperature. To further simplify the work, here we assume the nitrogen atom has the same translational temperature and average macroscopic average velocity as the nitrogen gas. It should be pointed out that this aims to reduce the number of equations; with less assumptions and more sophisticated modeling work, different translational temperatures and bulk velocity can be assumed for nitrogen gas and atom. However, it inevitably increases the numbers of equations and hence complexity.
Due to the inner degrees of energy, the specific heat ratio for nitrogen molecules is a complex function, and it can be defined as:
which is a function of rotational and vibrational energy. For nitrogen atom, the specific heat ratio γ 2 = 5/3. The mass ρ 1 and ρ 2 , total momentum ρU , total energy ρE, rotational energy ρ 1 ǫ r , and vibrational energy ρ 1 ǫ v , has the following relations with the gas distribution functions f 1 and f 2 :
where ρ = ρ 1 + ρ 2 and Ψ 1 , Ψ 2 are defined as follows:
Based on the preceding BGK models, the Navier-Stokes equations can be derived with the ChapmannEnskog expansion with the first order expression only, 15 for these two species:
where s = 1, 2 are for nitrogen molecules and atoms, correspondingly. To provide the gradients for g s , the density, ρ, average velocity, U , and λ are assumed to be functions of both time and space. The process to compute the slopes in the equilibrium distributions in Eqn. (12) is quite complex but crucial for the gaskinetic CFD scheme, we briefly describe it as follows. The equilibrium state of nitrogen gas is described by Eqn. (7), since
where 14) and relations among macroscopic property gradients and velocity distribution function are:
The above equations have the following solutions:
Then, define
we have the rest relations as:
The above procedure is to compute the spatial gradient for the nitrogen gas, ∂g 1 /∂x. As for the temporal gradient ∂g 1 /∂t, it is linked with the spatial gradient, and can be obtained from the later conveniently with compatible relations. 6, 16 As for the nitrogen atom, the temporal and spatial gradients, ∂g 2 /∂x and ∂g 2 /∂t, are relatively simple to compute since only one translational temperature is involved.
An operator-splitting method is used to solve Eqn. (6) . Here is the general solution of f 1 for the nitrogen gas in the BGK model with the inclusion of the (g 1 − f 1 )/τ s term of Eqn.(6) at a cell interface x j+1/2 and time t:
where x = x j+1/2 − u(t − t ′ ) is the particle trajectory, and f 01 is the initial gas distribution function at the beginning of each time step (t=0). How to properly construct f 01 was explained in one of Xu's paper. 6 The preceding solution essentially combines the particle movement and particle collision effects into one step, hence viscous and inviscid fluxes are computed in one procedure step as well. This is one of the most fundamental advantages for the gaskinetic CFD scheme based on the BGK model, over traditional CFD schemes based on the Navier-Stokes equations.
There are six equations to be solved, two mass conservation equations for the nitrogen gas and atom, respectively, one global momentum equation for N 2 gas and N atom, three equations for energy: one for total energy of nitrogen gas and atom, and the other two for the rotational and vibrational energy equations of nitrogen gas. Five of the six equations, except the total momentum equation, have source terms, due to chemical reactions and energy relaxation processes. For convenience, we denote the source term as S = (s 1 , s 2 , 0, s 4 , s 5 , s 6 ). The source term for the nitrogen gas mass equation, s 1 , must be equal to −s 2 , to maintain mass conservation, the destroying rate for nitrogen gas equals to the creation rate of nitrogen atom. There is no source term in the general momentum equation because we consider the momentum of the nitrogen gas and atom together. There is a source term in the total energy equation, it is directly related with the nitrogen gas dissociation rate and the dissociation energy. The source terms for the rotational and vibrational energy have special formats that the corresponding rotational and vibrational temperatures relax to the averaged translational temperature. Detailed source term modeling work is summarized in the next subsection.
The relation between the fluxes and the gas distribution function f s is
A finite volume method is used to solve the BGK model:
where W n j is the cell-averaged mass, momentum, total energy, nitrogen gas rotational energy, and nitrogen gas vibrational energy, and F j+1/2 is the corresponding fluxes at a cell interface by integrating the velocity distribute functions with Eqn. (18) . For the computations of the inner structures for a planar shock wave, the temperature profiles are the major concerns. Hence, a correct heat-flux relation is crucial for the computation. It is well known that the BGK model incorrectly provides a Prandtl number, Pr=1, after taking moments to obtain the corresponding Navier Stokes equations. Hence, the heat flux in the energy flux is not correct:
The simplest but most effective treatment is the Prandtl number fix, 6 which is used in this study as well:
where F Es , s=1, 2 are the two terms in the energy fluxes described by Eqn. (18) . Another important issue is to determine the characteristic relaxation time step τ s . In this study, we adopt the following format to compute the parameter τ s for each cell at each time step, for nitrogen gas and atom respectively:
where subscripts l and r represent quantities at the left and right cell center and ∆t is the Courant-FriedrichsLewy (CFL) time step. The second part corresponds to the numerical viscosity.
6
B. Chemical Reaction and Relaxation Term Modeling
Unavoidably, some modeling work is needed here for the five source terms mentioned in the previous subsection, and they create some uncertainties in the simulation results. For the nitrogen gas inner rotational and vibrational energy, we adopted the following traditional models:
where T r , T v and T tr are internal rotational, vibrational and translational temperatures, respectively. Z r and Z v are the relaxation parameters for rotational and vibrational temperatures. In this scheme, we assume the rotational and vibrational temperature relax toward the equilibrium translational temperature, based on the fact that the internal rotational and vibrational energy is obtained via energy exchange with the translational energy. Further, we choose typical relaxation numbers, Z r = 3 and Z v = 30. Of course, the introduction of these two numbers leads to some uncertainty in the simulation results. We must point it out that T tr is the same translational temperature for nitrogen gas and atoms, hence this treatment considers collisions between molecule-molecule and molecule-atoms. However, this treatment is different from the equal partition of energy within all degrees of freedom in the DSMC method, hence some discrepancies are expected here.
As for chemical reactions, there are a few options on different levels available. Lian and Xu 17 previous developed a two-dimensional gaskinetic CFD scheme for chemically reacting denotation shock wave computation, where the viscosity is neglected while chemical reactions are included as source terms. On the bottom level, we have the Boltzmann-like equations which split the right hand side collision term into a combination of elastic and chemical collision terms. 2, 18, 19 Even though this treatment sounds accurate, however, some modeling is unavoidable which will sacrifice the accuracy. In addition, these treatment is very expensive for computation. In this study, one major goal is to achieve high computation efficiency, hence some simplification are favored. Hence, we treat the chemical collision effects as additional source terms in the BGK scheme. Within each time step, we use traditional chemical reaction formula as one additional sub-step. This treatment is akin to chemical reaction source terms in Navier-Stokes equation solvers, and due to the small computation step comparable to the characteristic relaxation time step, this treatment is more favored here due to its simplicity and computation efficiency.
The following simple chemical reactions are considered here:
where M represents a third body, either a nitrogen molecule or a nitrogen atom. The dissociation rate coefficients were determined from the following rate data:
The equilibrium constant K c (N 2 ) is taken from Vincenti and Kruger:
And the nitrogen atom production rate is:
The remaining source terms s 1 , s 2 , s 4 in Eqn. (19) are:
where M N is the nitrogen atom molecular mass. The dissociation rate for nitrogen gas should be equal to the creation rate for nitrogen atoms. For the energy source term s 4 , the nitrogen dissociation absorbs a certain amount of energy to break the bounds between nitrogen atoms inside a molecule, hence the source term is directly proportional to the nitrogen atom creation rate. The nitrogen gas internal rotational and vibrational energy relaxation source terms was mentioned as Eqn.(24). These chemical reactions are treated as source terms, and the rationale behind this scheme is related to the Navier-Stokes solvers, which separate the chemical reaction flux term from the viscous and inviscid fluxes. Hence, the gaskinetic BGK solver here evaluate the inviscid and viscous flux in one term and treat this chemical reactions and rotational and vibrational energy relaxation as source terms as well.
This treatment for chemical reactions rates is consistent with the downstream and upstream equilibrium states, with the equilibrium temperature, the rate of dissociation and recombination between nitrogen molecules and nitrogen atom are balanced at the upstream and downstream. Hence there is no density change at these two equilibrium states, respectively, and stable boundary conditions are achieved.
IV. Numerical Simulations
With a set of properly determined post shock boundary conditions, we can perform simulations with the developed scheme and compare the results with those obtained by DSMC simulations. In those simulations, nitrogen molecules dissociate and nitrogen atoms recombine through strong planar shock waves. The validation case is chosen from one experiment case by Kewley and Hornung. 21 The free stream conditions are, pure nitrogen gas, static pressure p ∞ = 666.1 Pa, density ρ ∞ = 7.48 × 10 −3 kg/m −3 , and macroscopic average velocity U ∞ = 7310 m/s. This case has been widely simulated in the past with DSMC simulations.
13, 22
Figure 3 shows the density ratio profiles across the shock wave. The solid line is computed with the gaskinetic BGK scheme, the dash-dotted line represents DSMC simulation results by Bird, 13 and the dash line represents another set of DSMC simulation results by Boyd, 22 and some experimental results measured by Kewley and Hornung 21 are also displayed with circular symbols. In general, the gaskinetic BGK scheme predicts a much steep density profile than DSMC simulation results. This is a well-known defect for gaskinetic schemes based on the BGK model, and in the future we are planning to adopt the τ * approach 23 to improve this problem. The τ * approach includes higher gradient terms in the characteristic relaxation time, and it is proved effective to improve simulation accuracy. Figure 4 shows the normalized density profile, nitrogen gas and atom percentage profiles across the shock wave. In front of the shock wave, the gas is pure nitrogen gas with low temperature, hence the nitrogen gas percentage is 100%, while across the strong shock wave, the temperature increases, and strong dissociations happen. Hence, the nitrogen gas percentage drops while nitrogen atom percentage increases. The chemically relaxation process is the slowest one across the shock wave. By comparison, translational relaxation completes the fastest, followed by the rotational energy relaxation next, and the vibrational energy relaxation. Figure 4 shows the density profile and mass percentage profiles are very smooth, and those properties converge to the downstream values very smoothly and naturally. There are no kinks at the downstream boundary, indicating our downstream boundary treatment is valid. Figure 5 shows translational temperature profiles computed by the gaskinetic BGK and the DSMC methods.
22 Figure 6 shows the corresponding vibrational temperature profiles. The translational temperature profile has much higher value than the vibrational one, but the former relaxes much faster.
Probably this is the first time such a gaskinetic CFD scheme was developed, but we must point it out that the results in this paper are preliminary and the scheme is under further refinement.
V. Conclusion
We have discussed some recent preliminary progress in developing a gaskinetic BGK CFD scheme to compute the inner structure of chemically reacting planar shock wave. We choose an example flow with two species, nitrogen gas and nitrogen atom, with chemical dissociation and combination reactions. The inner degrees of freedom are considered for the nitrogen gas, hence there are several temperatures in the equilibrium state to describe translational, rotational and vibrational energy. The nitrogen atom only has one temperature, and in this study we assume at the equilibrium upstream and downstream, nitrogen molecules and atoms have the same translational temperature and average velocity.
One key factor to successfully utilize this scheme for planar shock simulation is to accurately determine the downstream boundary conditions. Essentially this is a Dirichlet boundary problem instead of a Neumann boundary problem. We considered the balance of mass, momentum and energy between the upstream and downstream, both of them are assumed to be in equilibrium and all temperatures share the same equilibrium value, respectively.
A benchmark case was simulated with the gaskinetic CFD scheme. The comparison results show that this scheme is very promising to compute the inner structure of the shock waves with thermal nonequilibrium and chemical reactions. However, we must point it out that the problem itself is very complex, and the solution accuracy depends on levels of approximations. Hence, the work in this paper can only serve as an intermediate report, and some further investigations and refinement is currently in progress. Vibrational temperature profiles computed by gaskinetic BGK and DSMC methods(Z vib,BGK = 30, Z rot,BGK = 3, free stream is nitrogen gas, p 1 =666.1 Pa, density ρ∞ = 7.48 × 10 −3 kg/m −3 , U∞ = 7310 m/s).
